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We explore General Relativity solutions with stealth scalar hair in general quadratic higher-order
scalar-tensor theories. Adopting the assumption that the scalar field has a constant kinetic term,
we derive in a fully covariant manner a set of conditions under which the Euler-Lagrange equations
allow General Relativity solutions as exact solutions in the presence of a general matter component
minimally coupled to gravity. The scalar field possesses a nontrivial profile, which can be obtained
by integrating the condition of constant kinetic term for each metric solution. We demonstrate
the construction of the scalar field profile for several cases including the Kerr-Newman-de Sitter
spacetime as a general black hole solution characterized by mass, charge, and angular momentum in
the presence of a cosmological constant. We also show that asymptotically anti-de Sitter spacetimes
cannot support nontrivial scalar hair.
I. INTRODUCTION
The direct detection of gravitational waves from a binary black hole merger opened the era of testing gravity
at strong-field and dynamical regimes [1]. So far, observations are consistent with the Kerr spacetime in General
Relativity (GR), but it does not necessarily mean that only GR is the allowed theory, since theories of modified
gravity can in general allow spacetime solutions of the same (or a similar) form as those in GR (see e.g. [2, 3]). Hence,
it is important to clarify what kind of modified gravity theories allow such solutions and how to distinguish them
from GR with precise observational data available now or promised in the near future.
As a simple framework of modified gravity, scalar-tensor theories possess an additional scalar degree of freedom,
characterizing the deviation from GR. In general, a metric solution of a scalar-tensor theory is accompanied by
a nontrivial scalar field profile. The simplest or trivial one is the constant profile, for which a set of conditions
guaranteeing the existence of GR solutions was derived in a fully covariant manner for general higher-derivative scalar-
tensor theories [4]. In this case, since terms with derivatives of the scalar field in the Euler-Lagrange (EL) equations
vanish after plugging the constant scalar field profile, the existence condition was derived for a general theory with
multiple scalar fields with arbitrarily higher-order derivatives in a D-dimensional spacetime in the presence of a general
matter component.
To deal with a more general ansatz for the scalar field profile, one may restrict the action of higher-derivative
theories. For the construction of sensible higher-derivative theories, an important guiding principle is the absence of
Ostrogradsky ghost [5], namely, extra degree(s) of freedom associated with higher-order derivatives, whose quantum
nature has also been studied [6–8]. The Ostrogradsky ghost can be evaded by imposing a certain set of degeneracy
conditions [9–14], which can be systematically obtained by Hamiltonian analysis. Upon the degeneracy condition,
degenerate higher-order scalar-tensor (DHOST) theories have been constructed for those with quadratic/cubic order
in the second derivative of the scalar field [10, 15, 16] as well as further generalizations [17, 18], which serve as a
general framework of healthy scalar-tensor theories with higher derivatives.*1 Indeed, it includes Horndeski [23–28]
and Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theories [29, 30] as a special subclass (see [31, 32] for recent reviews).
As a more general scalar field configuration, the ansatz of constant kinetic term would be the next simplest one.
In this case, while the metric is the same as in GR, the scalar field is allowed to have a nontrivial profile, meaning
that it is hidden or stealth. Stealth solutions with a constant kinetic term in DHOST theories have been investigated
for the Schwarzschild–(anti-)de Sitter spacetime [33–35] as well as the Kerr-de Sitter spacetime [36], generalizing the
known stealth solutions of the same type in the Horndeski [37, 38] and GLPV [39–41] theories. Perturbations around
the stealth solutions have also been extensively investigated [41–50]. In particular, the stability condition for the
odd-parity perturbations around a general static spherically symmetric vacuum spacetime was clarified in [47]. Also,
perturbation analyses clarified that some class of stealth solutions exhibits strong coupling [46, 48, 51], among which
the one with a timelike scalar field derivative can be cured by a weak and controlled violation of the degeneracy
condition dubbed “scordatura” [50], named after an Italian word meaning “detuning.” It is natural to expect such
a detuning from the effective-field-theory (EFT) point of view. It renders the strong coupling scale sufficiently high,
*1 By requiring the absence of Ostrogradsky ghost only in the unitary gauge, one can obtain even broader frameworks [19–22].
2whereas the Ostrogradsky ghost associated with the violation of degeneracy conditions is adjusted to show up only
above the EFT cutoff scale. Since the scordatura mechanism allows a wider class of weakly-coupled stealth solutions,
it would be intriguing to investigate stealth solutions in higher-derivative theories from a more general perspective, i.e.,
broadening the target theories and metric solutions, and also taking into account the presence of a matter component.
So far, most stealth solutions with the ansatz of constant kinetic term in DHOST theories have been considered in
vacuum (however, see [52], where a charged black hole solution with stealth scalar hair was obtained in a subclass of
Horndeski theory with a nonminimally coupled gauge field). In principle, by using the conformal/disformal transfor-
mation, an exact solution in DHOST theories can be recast into another exact solution in a simpler framework, e.g.,
the Horndeski theory [53]. Thus, for vacuum solutions, it might be more reasonable to consider exact solutions in
simpler theories. However, if one takes into account the coupling to a matter component, performing a metric redefi-
nition implies a change of frames, and hence an exact solution in a DHOST theory minimally coupled to the matter
field is in general transformed into an exact solution in another DHOST theory with a nontrivial matter coupling.
In other words, the presence of a matter component prescribes the notion of frames and then the higher-derivative
interactions in the action and the exact solutions equip more solid meanings. Hence, it is interesting to look for stealth
solutions in the presence of a matter component.
In this paper, we generalize the analysis of [4] to the case with the ansatz of constant kinetic term and explore
exact solutions in the presence of a general matter component in higher-order scalar-tensor theories in a covariant
manner. In §II, we derive covariant EL equations for general higher-derivative theories and clarify a set of conditions
under which metrics satisfying the Einstein equation in GR with a matter component are allowed as exact solutions.
Our condition thus applies to any GR solution, for each of which the scalar field profile can be derived by integrating
the condition of constant kinetic term. In §III, we demonstrate the construction of the scalar field profile for several
specific cases. In particular, we investigate the Kerr–Newman–(anti-)de Sitter spacetime as a general black hole
solution characterized by mass, charge, and angular momentum in the presence of a cosmological constant. In §IV,
we draw our conclusions.
II. EXISTENCE CONDITIONS FOR GENERAL RELATIVITY SOLUTIONS
In this section, we derive covariant EL equations and clarify a set of conditions for them to allow GR metric solutions
as exact solutions. We consider a class of theories described by the following action with at most quadratic order of
second derivatives of the scalar field:
S =
∫
d4x
√−g
[
F0 + F1φ+ F2R+
5∑
I=1
AIL
(2)
I
]
+
∫
d4x
√−gLm, (2.1)
where the coupling functions F0, F1, F2, and AI (I = 1, · · · , 5) are functions of φ and X := φµφµ, and
L
(2)
1 := φ
µνφµν , L
(2)
2 := (φ)
2, L
(2)
3 := φ
µφµνφ
νφ, L
(2)
4 := φ
µφµνφ
νλφλ, L
(2)
5 := (φ
µφµνφ
ν)2, (2.2)
with φµ := ∇µφ and φµν := ∇µ∇νφ. If the coupling functions depend on X only, the action respects the shift
symmetry φ→ φ+ const. If we choose the functions A2, A4, and A5 as
A2 = −A1 6= −F2
X
,
A4 =
1
8(F2 −XA1)2
{
4F2
[
3(A1 − 2F2X)2 − 2A3F2
] −A3X2(16A1F2X +A3F2)
+ 4X
(
3A1A3F2 + 16A
2
1F2X − 16A1F 22X − 4A31 + 2A3F2F2X
)}
,
A5 =
1
8(F2 −XA1)2 (2A1 −XA3 − 4F2X) [A1(2A1 + 3XA3 − 4F2X)− 4A3F2] ,
(2.3)
the action (2.1) reduces to the one for the class Ia of quadratic DHOST theories [10]. Here, a subscript X denotes a
derivative with respect to X . For generality, we do not impose these degeneracy conditions unless otherwise stated.
For the matter Lagrangian Lm, we assume that the matter component minimally couples to gravity. Then, the
equations of motion for the matter sector remain the same as those in GR regardless of the scalar field interactions.
Therefore, in the following we shall focus on the EL equations for the metric and the scalar field.
3Now we assume a solution with X = X0 = const, which allows us to express higher-derivative terms of φ as
φµφµν = 0,
φλ∇λφµν = −Rµλνσφλφσ − φλµφλν ,
φλ∇λφ = −Rλσφλφσ − φ2αβ ,
(2.4)
where φnαβ denotes a scalar quantity defined by φ
n
αβ := φ
α2
α1φ
α3
α2 · · ·φαnαn−1φα1αn . Then, the EL equation for the metric is
given by Eµν = 0, with
Eµν =2F2Rµν
− {F0 +RF2 −X0(F1φ + 2F2φφ) +A1φ2αβ −A2 [(φ)2 − 2φ2αβ − 2φαφβRαβ]− 2(F2φ +X0A2φ)φ} gµν
+
{
2(F0X +RF2X − F1φ − F2φφ) + (2F1X − 4A2φ −X0A3φ)φ
+A3φ
αφβRαβ − (A3 + 2A1X)
[
(φ)2 − φ2αβ
]
+ 2(A1X +A2X)(φ)
2
}
φµφν
+ 2A1
[
(φ)φµν − φλµφλν −Rµλνσφλφσ
]
+ 4A2Rλ(µφν)φ
λ − 2φµν(F2φ −X0A1φ)
− 4(A1 +A2)φ(µφν) − Tµν , (2.5)
where the coupling functions and their derivatives are evaluated at X = X0. Here, a subscript φ denotes a derivative
with respect to φ and Tµν := − 2√−g
δ(
√−gLm)
δgµν is the stress-energy tensor for the matter sector. It should be noted
that, unless φ = const, the EL equation for the scalar field, which we denote by Eφ = 0, is automatically satisfied
for any configuration (gµν , φ) that satisfies Eµν = 0 and the equations of motion for the matter field thanks to the
Noether identity associated with general covariance (see [54] for related discussions). In other words, Eφ = 0 can be
reproduced from other EL equations and hence is a redundant equation. Note also that the terms with A4 and A5
do not contribute to the EL equations under the condition X = const. Equation (2.5) allows GR solutions satisfying
Gµν = M
−2
Pl Tµν − Λgµν with the reduced Planck mass MPl = (8πG)−1/2 if the following conditions are satisfied at
X = X0:
F0 + 2ΛF2 −X0(F1φ + 2F2φφ) = 0, 2F1X + 4A1φ −X0A3φ = 0, F2φ −X0A1φ = 0,
A1 = 0, A2 = 0, A1φ +A2φ = 0, A1X +A2X = 0, A3 + 2A1X = 0, (2M
−2
Pl F2 − 1)Tµν = 0,
F0X − F1φ − F2φφ + Λ(4F2X −X0A1X) = M−2Pl [F2XT +A1X(φαφβTαβ − TX0/2)],
(2.6)
with T := T µµ . If we restrict ourselves to DHOST theories satisfying A2(φ,X) = −A1(φ,X), the terms proportional to
the sum A1+A2 and its derivatives in the EL equation (2.5) vanish. As a result, we obtain a simpler set of conditions
for the existence of GR solutions, which amounts to (2.6) with the replacement A2 → −A1, A2φ → −A1φ, etc.
An example of theories that can trivially satisfy the conditions (2.6) for an arbitrary matter component is shift-
symmetric DHOST theories with the following coupling functions:
F1 = A1 = A2 = 0, F2 =
M2Pl
2
, A3 = µF0X , A4 = −µF0X
(
1 +
µ
4M2Pl
X2F0X
)
, A5 =
(
µ
MPl
)2
XF 20X , (2.7)
where µ is constant. In this case, the conditions (2.6) read
F0(X0) +M
2
PlΛ = 0, F0X(X0) = 0, (2.8)
where the second equation fixes the value of X0 algebraically, and then the first equation determines the value of Λ.
There are several remarks along the same lines as the sufficient conditions for GR solutions with φ = const for
arbitrarily higher-order scalar-tensor theories obtained in [4]. As mentioned above, A4 and A5 do not contribute to the
EL equations for solutions with X = const, and hence they are not constrained by the above conditions. Therefore,
these conditions are independent of or consistent with the degeneracy conditions (2.3) on A4 and A5. This is similar
to the situation for the conditions for GR solutions with a constant scalar field profile derived in [4] for theories with
arbitrarily higher-order derivatives, which are independent of the degeneracy conditions with arbitrarily higher-order
derivatives [13, 14]. Another caveat is that the above set of conditions is a sufficient condition for the covariant EL
equations to allow GR solutions satisfying Gµν =M
−2
Pl Tµν−Λgµν with X = const, and hence there would be a weaker
condition for a particular metric ansatz and/or a matter profile.
As a specific example, let us consider a more restricted case with the vacuum Einstein manifold Gµν = −Λgµν
in shift-symmetric DHOST theories, i.e., those with the coupling functions depending only on X . In this case, the
4left-hand side of the EL equation for the metric is given by
Eµν =−
{
F0 + 2ΛF2 +A1
[
(φ)2 − φ2αβ − 2ΛX0
]}
gµν
+
{
2F0X + Λ(8F2X − 4A1 +X0A3) + 2F1Xφ− (A3 + 2A1X)
[
(φ)2 − φ2αβ
]}
φµφν
+ 2A1[(φ)φµν − φλµφλν −Rµλνσφλφσ]. (2.9)
This equation can be satisfied if the following conditions hold at X = X0:
*2
F0 + 2ΛF2 = 0, F0X + Λ(4F2X −X0A1X) = 0, F1X = 0, A1 = 0, A3 + 2A1X = 0. (2.10)
These conditions actually coincide with those of the Case 2-Λ given by Eq. (43) in [34] for the Schwarzschild–(anti-)de
Sitter spacetime. The conditions (2.10) also recover those given in [36] for the subclass with A1(X) = A2(X) =
F1(X) = 0. However, under a more restricted setup, one would obtain a weaker set of conditions. Indeed, for the
case of the Schwarzschild–(anti-)de Sitter spacetime with a linearly time-dependent scalar field φ = qt+ ψ(r) having
X = −q2, one can verify the following identity:
(φ)φµν − φλµφλν −Rµλνσφλφσ = Λ(q2gµν + φµφν). (2.11)
This identity can be used to reduce (2.9) as
Eµν = − [F0 + 2Λ(F2 −X0A1)] gµν + [2F0X + Λ(8F2X − 2A1 + 4X0A1X + 3X0A3) + 2F1Xφ]φµφν . (2.12)
Thus, Eµν vanishes if
F0 + 2Λ(F2 −X0A1) = 0, 2F0X + Λ(8F2X − 2A1 + 4X0A1X + 3X0A3) = 0, F1X = 0, (2.13)
which is weaker than (2.10). The first two conditions in (2.13) reproduce Eq. (25) in [47], which was derived by reducing
the higher-order EL equations to second-order differential equations for a general static spherically symmetric metric.
Moreover, it is consistent with the Case 1-Λ given by Eq. (42) in [34]. As a specific example, one can check that the
self-tuned Schwarzschild-de Sitter solution found in [37] satisfies the condition (2.13).
Likewise, for the case of trivial or constant scalar profile φ = φ0 = const, the EL equations for the metric and the
scalar field are simplified as
Eµν =2F2Rµν − (F0 +RF2)gµν − Tµν = 0, (2.14)
Eφ =F0φ + F2φR = 0. (2.15)
Note that here we need the EL equation for φ as it cannot be reproduced from other EL equations when φ = const.
Consequently, the sufficient condition for the existence of GR solutions is much relaxed:
F0 + 2ΛF2 = 0, F0φ + 4ΛF2φ = 0, (2M
−2
Pl F2 − 1)Tµν = 0, F2φT = 0, (2.16)
where the coupling functions are evaluated at (φ,X) = (φ0, 0). This is consistent with the condition derived in [4]
for general multi-scalar higher-derivative theories in D-dimensional spacetime. The conditions (2.16) are trivially
satisfied for theories with F2 =M
2
Pl/2. In this case, the conditions read
F0(φ0, 0) +M
2
PlΛ = 0, F0φ(φ0, 0) = 0, (2.17)
where the second equation fixes the value of φ0, and then the first equation determines the value of Λ.
While we need to keep in mind the above caveats, an advantage of the above sufficient conditions also originates
from their fully covariant derivation. If the coupling functions satisfy the condition at X = X0, any GR solution
in the presence of a matter component is allowed as an exact background solution. As shown in the Appendix, it
is straightforward to obtain a similar set of conditions for an arbitrary spacetime dimension D. Also, there should
exist a similar identity as (2.11) in D dimensions under some restricted setup, which applies to known solutions, e.g.,
in [55] obtained in three dimensions.
*2 Focusing on static spherically symmetric vacuum solutions in DHOST theories, the condition (2.10) is weaker than the sufficient condition
for strong coupling obtained in [48]. Thus, perturbations around a GR solution may or may not be strongly coupled, for the former of
which one can employ the scordatura technique [50].
5III. SCALAR FIELD PROFILE
In §II, we derived a set of sufficient conditions for the existence of GR solutions in the presence of a matter field.
Since the derivation was performed in a covariant manner, any GR metric is allowed as an exact solution. For each
metric, we choose an appropriate ansatz for the scalar field and derive its profile by integrating the condition X = X0.
In this section, we consider several specific spacetimes and demonstrate the construction of the scalar field profile.
Note that the construction solely relies on the condition X = X0 and the form of the metric. As we discussed above,
since the set of conditions derived in §II is a sufficient condition, the metrics discussed below could also be a solution
of theories that are not covered by those obtained in §II. Indeed, it would be possible to consider GR solutions in
theories beyond our action (2.1) containing at most quadratic interactions of second derivatives of φ. Nevertheless,
the scalar field profiles obtained in this section apply to even such cases so long as the ansatz of constant kinetic term
is satisfied.
A. Static spherically symmetric spacetime
Let us consider a static spherically symmetric spacetime described by the metric,
gµνdx
µdxν = −A(r)dt2 + dr
2
B(r)
+ r2(dθ2 + sin2 θdϕ2). (3.1)
For the scalar field profile, we take a linearly time-dependent profile,
φ(t, r) = qt+ ψ(r), (3.2)
with q being constant. With these ansatzes, the kinetic term of the scalar field is given by
X(r) = −q
2
A
+Bψ′2, (3.3)
where a prime denotes a derivative with respect to r. From the condition X = X0, we obtain
ψ′ = ±
√
q2 +X0A
AB
, (3.4)
where we assume q
2+X0A
AB ≥ 0. For a given set (A(r), B(r)), one can obtain ψ(r) by integrating (3.4).
In general, one can make ψ(r) regular at event horizon(s) by choosing the appropriate branch. Let us suppose
that the spacetime has a black hole horizon at r = rb and/or a cosmological horizon at r = rc. Around the black
hole or cosmological horizon, which we simply denote by r = rh, we assume A(r) = Ah(r − rh) + O(|r − rh|2) and
B(r) = Bh(r − rh) + O(|r − rh|2) with Ah and Bh being nonvanishing constants. Then, one can integrate (3.4) to
obtain
ψ = ±qr∗ +O(|r − rh|), (3.5)
where r∗ =
∫
dr(AB)−1/2 ≃ ±(AhBh)−1/2 log
∣∣∣ r−rhrh
∣∣∣ is the tortoise coordinate, with the plus/minus sign for r & rb
or r . rc, namely, just outside the black hole horizon r = rb or just inside the cosmological horizon r = rc. Thus, the
scalar field seems to be divergent at the horizons, but one can make it finite by choosing an appropriate coordinate
system. Indeed, we obtain φ ≃ qv for the plus branch of (3.5) and φ ≃ qu for the minus branch, where v := t+ r∗ and
u := t − r∗ are the advanced and retarded null coordinates, respectively. Let us first focus on a region just outside
the black hole horizon. Using the ingoing Eddington-Finkelstein coordinates (v, r), we see that the scalar field is
finite at the future event horizon for the plus branch, while it diverges for the minus branch. Likewise, using the
outgoing Eddington-Finkelstein coordinates (u, r), we see that the opposite is the case at the past event horizon. On
the other hand, for a region just inside the cosmological horizon, using the ingoing (outgoing) Eddington-Finkelstein
coordinates, we can see that the scalar field is finite at the past (future) event horizon if we choose the plus (minus)
branch of (3.5). This implies that the scalar field is finite at both the horizons for an observer free-falling from the
cosmological horizon to the black hole horizon or traveling from the black hole horizon to the cosmological horizon.
Note that the situation is completely different when q = 0. In this case, we have
ψ = ±
∫
dr
√
X0
B
≃ ±2
√
X0(r − rh)
Bh
, (3.6)
6near the horizons, and thus the scalar field is finite from the beginning.
While the existence of GR solution is guaranteed by the condition (2.6), the evolution of perturbations needs to
be studied. For instance, in shift- and reflection-symmetric quadratic DHOST theories, the stability condition for the
odd-parity perturbations around a static spherically symmetric vacuum spacetime with the scalar field profile (3.2) is
given by [47]
F2 > 0, F2 −XA1 > 0, F2 −
(
q2
A
+X
)
A1 > 0, (3.7)
which should be maintained in addition to the existence condition (2.6). Of course, the stability of the even-parity
perturbations should also be taken into account. However, for the even-parity sector, while the stability condition for
a static scalar field background was clarified for Horndeski [56] and GLPV subclasses [57], the one for φ = qt+ ψ(r)
in generic DHOST theories has not been clarified yet.
Let us derive scalar field profiles for specific metrics. First, for the Schwarzschild spacetime,
A(r) = B(r) = 1− rg
r
=: fS(r), (3.8)
where rg := 2GM is the Schwarzschild radius with mass M in the natural unit c = 1, we obtain [34]
ψ = ±
∫
dr
√
q2 +X0fS
fS
= ±
[
r
√
QS − 2qrgartanh q√
QS
+
(2q2 +X0)rg√
Q0
artanh
√
QS√
Q0
]
+ const, (3.9)
where Q0 := q
2 +X0 and QS := q
2 +X0fS. When X0 = −q2, we have
ψ = ±2q
(√
rgr − rgartanh
√
rg
r
)
+ const. (3.10)
The apparent difference from the expression in [34] can be absorbed into a redefinition of the integration constant.
Also, note that the expression (3.9) should be understood as a representative form. For a real x, artanhx is real if
and only if |x| < 1, and it identically holds that artanhx = artanh(1/x) up to an imaginary constant which depends
on the branch choice. Therefore, artanhx or artanh(1/x) can be a solution of a same differential equation and one
should choose the real one. For instance, when q√
QS
> 1, one should reinterpret the second term in the brackets of
(3.9) as artanh
√
QS
q .
As stressed above, our analysis applies to any GR solution in the presence of a general matter component minimally
coupled to gravity. As an example of the matter sector, let us consider the source-free Maxwell action,
Lm = −1
4
FµνFµν , (3.11)
where Fµν := ∂µAν − ∂νAµ. The static spherically symmetric solution for source-free Einstein-Maxwell equations is
given by the Reissner-Nordstro¨m metric,
A(r) = B(r) = 1− rg
r
+
r2e
r2
=: fRN(r), (3.12)
where re := Ge
2 with electric charge e in the natural unit 4πǫ0 = 1. There are several possible cases (though not
exclusive to each other). For the extremal case rg = 2re with X0 = −q2, we obtain
ψ = ±q
[
(2r − 3re)
√
(2r − re)re
r − re − 4reartanh
√
re
2r − re
]
+ const. (3.13)
For the extremal case rg = 2re with X0 6= −q2,
ψ = ±
[
(r − 2re)
√
QRN
1− re/r − 2qreartanh
q√
QRN
+
re(2q
2 +X0)√
Q0
artanh
q2 +X0(1− re/r)√
Q0QRN
]
+ const, (3.14)
7where QRN := q
2 +X0fRN. For the sub-extremal case rg > 2re with X0 = −q2,
ψ = ±2q
[
r
√
1− fRN +
r2−
r+ − r− artanh
(
r
r−
√
1− fRN
)
+ (r+ ↔ r−)
]
+ const, (3.15)
where r± :=
(
rg ±
√
r2g − 4r2e
)
/2, and the third term in the brackets represents a term of the same form as the second
term with the permutation r+ ↔ r−. Finally, for the sub-extremal case rg > 2re with X0 6= −q2, we obtain
ψ = ±
[
r
√
QRN +
rg(2q
2 +X0)
2
√
Q0
artanh
q2 +X0
(
1− rg2r
)
√
Q0QRN
+
qr2−
r+ − r− artanh
q2 +X0
(
1− rg2r − r
2
2r
−
f ′RN
)
q
√
QRN
+ (r+ ↔ r−)
]
+ const, (3.16)
where the last term in the brackets denotes a term of the same form as the third term with the permutation r+ ↔ r−.
These solutions, together with the one for the Schwarzschild case (3.9), are consistent with each other up to the
ambiguity explained below (3.10) when taking the corresponding limits.
More generally, for the Schwarzschild–(anti-)de Sitter spacetime,
A(r) = B(r) = 1− rg
r
− Λr
2
3
=: fSdS(r), (3.17)
or the Reissner–Nordstro¨m–(anti-)de Sitter spacetime,
A(r) = B(r) = 1− rg
r
+
r2e
r2
− Λr
2
3
=: fRNdS(r), (3.18)
with Λ being a cosmological constant, ψ(r) is given by the integral,
ψ = ±
∫
dr
√
q2 +X0f
f
, (3.19)
where f(r) = fSdS(r) or fRNdS(r). In general, the value of Λ is determined from the condition (2.6) irrespective of a
possibly present bare cosmological constant in F0, and hence one can tune Λ by model parameters of the theory.
In (3.19), we have assumed q2 + X0f ≥ 0. This condition is trivially satisfied when X0 ≥ 0. For X0 < 0, if we
define a dimensionless parameter η by η2 := −q2/X0, this condition reads |η| ≥
√
f . Provided that the function f(r)
takes its maximum at some finite r = r0, we have |η| ≥
√
f(r0) =: ηc. For a generic value of η with |η| > ηc, one can
choose either branch of ψ so that the scalar field is finite at both the black hole and cosmological horizons for a specific
observer as explained above. On the other hand, for the marginal value |η| = ηc, one should change the branch of ψ at
r = r0 so that the derivative of the scalar field is smooth there [36]. Specifically, for the case of the Schwarzschild-de
Sitter spacetime, when (0 <)9Λr2g/4 < 1, the spacetime has the cosmological horizon r = rc in addition to the black
hole horizon r = rb(< rc). In this case, we have r0 =
(
3rg
2Λ
)1/3
, and thus the lower bound of |η| is given by
|η| ≥
√
1−
(
9Λr2g
4
)1/3
=: ηc. (3.20)
For |η| = ηc, an appropriate branch change makes φ ≃ q(t + r∗) near r = rb and φ ≃ q(t − r∗) near r = rc, or
vice versa. On the contrary, for the case of the Schwarzschild–anti-de Sitter spacetime, the function f(r) can take
arbitrarily large values, so the condition q2+X0f ≥ 0 cannot be satisfied for X0 < 0. The situation remains the same
even for the Reissner–Nordstro¨m–anti-de Sitter case. Thus, the Reissner–Nordstro¨m–anti-de Sitter spacetimes with
stealth scalar hair are allowed only when X0 ≥ 0.
One can also consider a general perfect fluid with T µν = diag(−ρ, P, P, P ) as a matter component. With the energy
density ρ(r) and the pressure P (r), the time and radial components of the Einstein equation yield
(rB)′
r2
− 1
r2
= −8πGρ, B(rA)
′
r2A
− 1
r2
= 8πGP, (3.21)
8whereas the angular components can be rewritten in the form,
P ′ = (ρ+ P )
B − 1− 8πGr2P
2rB
, (3.22)
which is known as the Tolman-Oppenheimer-Volkoff equation. For a given density profile ρ(r), one can determine
the metric components A(r), B(r) and the radial pressure P (r) from the above equations, after which the scalar field
profile ψ(r) is obtained by integrating (3.4).
B. Stationary axisymmetric spacetime
Let us consider a general stationary axisymmetric spacetime in the presence of the source-free Maxwell action
minimally coupled to gravity. In GR, the asymptotically (anti-)de Sitter solution is known as the Kerr–Newman–
(anti-)de Sitter metric, which is expressed in the Boyer-Lindquist coordinates as [58, 59]
gµνdx
µdxν = − ∆r
Ξ2ρ2
(dt− a sin2 θdϕ)2 + ρ
2
∆r
dr2 +
ρ2
∆θ
dθ2 +
∆θ sin
2 θ
Ξ2ρ2
[
adt− (r2 + a2)dϕ]2 , (3.23)
where
ρ2 = r2 + a2 cos2 θ, Ξ = 1 +
1
3
Λa2,
∆r = (r
2 + a2)
(
1− 1
3
Λr2
)
− rgr + r2e , ∆θ = 1 +
1
3
Λa2 cos2 θ,
(3.24)
and a is the angular momentum per unit mass. This metric describes a rotating black hole with electric charge in an
expanding universe.
We adopt the following ansatz for the scalar field profile:
φ = −Et+ Lzϕ+ fr(r) + fθ(θ), (3.25)
where E,Lz are constants, and fr(r), fθ(θ) are independent functions. Here, we employ the notation q = −E for
the reason we shall explain below. The equation X = X0 yields a differential equation for fr and fθ, which we can
separate in the form,
∆θ
(
dfθ
dθ
)2
+
Ξ2
∆θ
(
Lz
sin θ
− aE sin θ
)2
−X0a2 cos2 θ = −∆r
(
dfr
dr
)2
+
Ξ2
∆r
[E(r2 + a2)− aLz]2 +X0r2 =: K, (3.26)
where we have denoted the separation constant by K. The solutions are given by
fr = ±
∫
dr
√R
∆r
, fθ = ±
∫
dθ
√
Θ
∆θ
, (3.27)
where
R = Ξ2[E(r2 + a2)− aLz]2 +∆r(X0r2 −K),
Θ = −Ξ2
(
Lz
sin θ
− aE sin θ
)2
+∆θ(X0a
2 cos2 θ +K).
(3.28)
These solutions determine the scalar field profile for a general asymptotically (anti-)de Sitter black hole solution
characterized by mass, charge, and angular momentum in GR. Taking an appropriate limit, one can recover special
cases such as those studied in §III A or the Kerr-de Sitter solution obtained for a class of shift-symmetric DHOST
theories with A1 = A2 = 0 in [36].
The differential equation (3.26) coincides with the Hamilton-Jacobi equation for a test particle in the Kerr–Newman–
(anti-)de Sitter background with the correspondence φ = S and X0 = −m2, where S is the Hamilton-Jacobi potential
and m(> 0) is the mass of the test particle. From Hamilton-Jacobi point of view, since the four-momentum is
pµ = ∂µS = ∂µφ, we see that pt = −E, pϕ = Lz, and gµνpµpν = −m2 = X0 correspond to three conserved quantities,
where E and Lz are energy and angular momentum of the test particle. Furthermore, the separation constant K is
related to the Carter’s constant [60].
9In parallel to [36], requiring the regularity of the scalar field derivative, we can further restrict the functional form
of the scalar field. To make ∂θφ = 0 at θ = 0 and π, we restrict Lz = 0 and K = −X0a2 = m2a2, for which Eq. (3.28)
is simplified as
R = m2(r2 + a2)[η2(r2 + a2)−∆r],
Θ = m2a2 sin2 θ(∆θ − η2),
(3.29)
where η := ΞE/m. When Λ < 0, the range of ∆r is all positive real numbers, so R cannot remain nonnegative.
Namely, the Kerr–Newman–anti-de Sitter spacetime cannot accommodate nontrivial scalar hair. Hence, in what
follows, we focus on asymptotically de Sitter spacetimes with Λ > 0. When a 6= 0, requiring R ≥ 0 and Θ ≥ 0, the
parameter η is constrained as
√
∆r
r2+a2 ≤ |η| ≤
√
∆θ for any r of interest for the lower bound and any 0 ≤ θ ≤ π for
the upper bound.*3 Consequently, we obtain ηc ≤ |η| ≤ 1. For |η| = ηc there exists a finite r0 such that R(r0) = 0,
whereas for the upper bound Θ = 0 for some θ = θ0. Note also that, for the Kerr-Newman case with Λ = 0, the
conditions R ≥ 0 and Θ ≥ 0 restrict |η| to be unity, under which we have Θ = 0. This means that the Kerr-Newman
metric cannot support θ-dependent scalar hair.
Using Θ in (3.29), we can analytically integrate fθ in (3.27) to obtain
*4
fθ = ±m
√
3
Λ
[
η artanh
(√
Λa2
3(∆θ − η2)η cos θ
)
− arsinh
(√
Λa2
3(1− η2) cos θ
)]
+ const, (3.30)
or equivalently,
fθ = ±m
√
3
Λ
[
η log
(√
∆θ − η2 + η cos θ
√
Λa2/3√
(1− η2)∆θ
)
− log
(√
∆θ − η2 + cos θ
√
Λa2/3√
1− η2
)]
+ const. (3.31)
Note that each branch of fθ is antisymmetric with respect to θ = π/2 up to the constant offset.
In general, the square roots in (3.27) should be defined carefully when Θ (or R) vanishes for a certain value of θ (or
r, respectively) [36]. For instance, let us consider the case where |η| = 1. In this case, we have
Θ =
1
3
m2a4Λ sin2 θ cos2 θ, (3.32)
whose positive root is not smooth at θ = π/2 where cos θ changes its sign. Thus, it is natural to take
√
Θ = ma2
√
Λ
3
sin θ cos θ, (3.33)
and as a result we obtain*5
fθ = ∓m
2
√
3
Λ
log∆θ + const. (3.34)
The expression (3.34) can be reproduced from (3.30) by taking the limit |η| → 1.
The same notion on the branch choice applies to
√
R in (3.27). As we mentioned above, for η = ηc there exists
a finite r0 such that R(r0) = 0, where one can change the branch to make the scalar field smooth. As discussed in
detail in §III A, this manipulation makes the scalar field profile finite at both the black hole and cosmological event
horizons for a specific observer, and infinitely differentiable between the horizons. This is a natural generalization of
the argument in [36].
*3 When X0 ≥ 0, we have
Θ = −a2 sin2 θ
(
X0∆θ + Ξ
2E2
)
< 0
for a generic θ, provided that a 6= 0 and E 6= 0. Hence, for a 6= 0 and E 6= 0, X0 should be negative. Also, using the analogy of the
Hamilton-Jacobi equation for a test particle with X0 = −m2, a positive X0 corresponds to an imaginary mass, which may be related
to this issue. Note also that, as long as X0 = −m2 6= 0 and a 6= 0, a static scalar field with η = 0 yields either R < 0 or Θ < 0. This
means that the Kerr-Newman-de Sitter metric with a 6= 0 is always accompanied by time-dependent scalar hair unless X0 = 0. The
case with a static scalar field and X0 = 0 ends up with a constant scalar profile.
*4 The analysis for the Kerr-de Sitter solution performed in [36] v1 is a special case of the analysis in the present paper, and here we note
two typos in Eq. (19) in [36] v1; the overall factor and the additional η in the first logarithmic function in our solution (3.30) were
omitted.
*5 Note that fθ given by this functional form is symmetric with respect to θ = pi/2 as opposed to the case of generic η, meaning that the
angular variation of the scalar field is symmetric about the equator if and only if |η| = 1. When |η| < 1, one could change the branch
at θ = pi/2 to make fθ symmetric, which however makes ∂θφ discontinuous at θ = pi/2.
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Let us consider several limiting cases of the parameters of the metric. First, at the leading order in the limit Λa2 → 0,
we have
fθ = ∓ma
√
1− E
2
m2
cos θ [1 +O(Λa2)] + const. (3.35)
As expected, fθ → 0 for a → 0, which is consistent with the static spherically symmetric case in §III A. Note also
that, as mentioned earlier, the possible range of E2/m2 depends on Λ and a. In the limit Λ → 0, the range shrinks
to a single value E2/m2 = 1, which means fθ = 0.
For a = 0 or the no-rotating case, the metric (3.23) reduces to the Reissner–Nordstro¨m–(anti-)de Sitter one. In this
case, Θ = 0 identically holds and
R = E2r4 +X0r2
[
r2
(
1− 1
3
Λr2
)
− rgr + r2e
]
. (3.36)
Note that X0 = −m2 > 0 makes R positive, which allows a solution with a spacelike scalar field derivative. This is
consistent with the solutions in the literature [34, 36, 51], while for perturbations around the stealth Schwarzschild
solution with X0 > 0 in the Horndeski theory, it is known that one of the even-parity modes is strongly coupled [51].
Solutions with X0 ≤ 0 are also allowed so long as R ≥ 0. This limit is also consistent with the analysis in §III A.
Next, let us consider several limiting cases of the scalar field ansatz. For a static scalar field with E = 0 or η = 0,
Eq. (3.29) reads
R = −m2(r2 + a2)∆r, Θ = m2a2 sin2 θ∆θ. (3.37)
For a 6= 0, the conditions R ≥ 0 and Θ ≥ 0 are compatible only if m2 = 0, which results in φ = const.
Let us then consider the case with a θ-independent scalar field. If we adopt the scalar field profile (3.25) with
fθ = const from the outset, the fact that the left-hand side of (3.26) is constant puts a constraint on the parameter
space. Provided that a 6= 0 and Ξ > 0, Eq. (3.26) is satisfied if and only if
X0 = E = Lz = K = 0 or Λ = X0 + E2 = Lz = K − a2E2 = 0. (3.38)
In the first case, Eq. (3.28) reads R = 0, meaning that fr = const. Thus, we have a constant scalar field profile. On
the other hand, in the second case, the cosmological constant vanishes and the metric reduces to the Kerr-Newman
one. This is consistent with the aforementioned fact that the Kerr-Newman metric cannot accommodate θ-dependent
scalar hair. We then have
R = E2(r2 + a2)(rgr − r2e), (3.39)
from which one obtains fr in terms of elliptic functions. The perturbation analysis for the second case with re = 0 (i.e.,
a hairy Kerr black hole) was performed in [49].
Finally, let us consider the case with an r-independent scalar field profile. In this case, we can still use (3.29),
and thus we require that R given by this equation identically vanishes. Provided that Ξ > 0, we have the following
constraints on the parameters:
X0 = E = 0 or rg = re = Λ = X0 + E
2 = 0. (3.40)
In the first case, one ends up with φ = const. The second set of conditions forces the metric to be the massless Kerr
one, and the scalar field can have only the t-dependent part, i.e., φ = −Et+ const.
So far, we have considered rotating black hole solutions with scalar hair in four dimensions. In three dimensions,
the Ban˜ados-Teitelboim-Zanelli (BTZ) spacetime [61],
gµνdx
µdxν = −A(r)dt2 + dr
2
A(r)
+ r2
(
J
2r2
dt− dϕ
)2
, A(r) = −M + r
2
l2
+
J2
4r2
− Q
2
2
log
(
r
r0
)
, (3.41)
where µ, ν = 0, 1, 2, is known as a general black hole solution in GR characterized by mass M , charge Q, and angular
momentum J in the presence of a negative cosmological constant Λ = −l−2. Here, the parameter r0(> 0) has been
introduced just to nondimensionalize the argument of the logarithmic function, and its magnitude is irrelevant as any
change of r0 can be absorbed into the mass parameter M . The scalar field profile is given by
φ = −Et+ Lzϕ+ fr(r), fr = ±
∫
dr
√
(JLz − 2Er2)2 + 4r2(X0r2 − L2z)A
2r2A
, (3.42)
which is a natural generalization of the result in [55] obtained for a hairy non-charged BTZ black hole with X = const
in a class of the Horndeski theory.
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C. Homogeneous isotropic spacetime
Let us consider the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) spacetime,
gµνdx
µdxν = −dt2 + a(t)2
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdϕ2)
]
, (3.43)
where in this subsection a = a(t) denotes the scale factor and k = 0,±1 denotes the spatial curvature.
We can obtain the scalar field profile with a certain ansatz. Adopting an r-independent scalar field profile φ = φ(t)
and assuming X = X0 ≤ 0, we simply obtain
φ = ±
√
−X0 t, (3.44)
regardless of the spatial curvature or the evolution of the scale factor.
A different ansatz leads to a different class of solutions. As a demonstration, let us adopt the following scalar field
profile:
φ = ξ(t) + ψ(r). (3.45)
The equation X = X0 is then separable as
(1− kr2)ψ′2 = a2(X0 + ξ˙2) =: C2, (3.46)
where C(> 0) is the separation constant. Note that we can take the static limit by sending C → 0 and recover (3.44).
We then obtain
ψ(r) = ±C arcsin(
√
kr)√
k
, ξ(t) = ±
∫
dt
√
C2
a2(t)
−X0. (3.47)
The solution for ψ(r) should be understood as ψ(r) = ±Cr,±Carcsinr,±Carsinh r for k = 0,+1,−1, respectively.
Here, we assume X0 ≤ 0 so that ξ is always real. The evolution of ξ(t) depends on the evolution of the scale
factor a(t), which is determined by the Friedmann equation with the spatial curvature and a matter component. One
can perform the integral analytically to obtain ξ(t) for several simple cases such as the de Sitter expansion a(t) = eHt,
ξ(t) = ∓H−1
[√
C2e−2Ht −X0 −
√
−X0 arsinh
(
C−1
√
−X0eHt
)]
+ const, (3.48)
or the power-law expansion a(t) = a0(t/t0)
p with p > 0,
ξ(t) =


± Ct0
(1− p)a0
(
t
t0
)1−p
2F1
(
−1
2
,−1
2
+
1
2p
;
1
2
+
1
2p
;
a20X0
C2
(
t
t0
)2p)
+ const for p 6= 1,
±Ct0
a0


√
1− a
2
0X0
C2
(
t
t0
)2
− artanh
√
1− a
2
0X0
C2
(
t
t0
)2+ const for p = 1, (3.49)
where 2F1 denotes the Gauss’ hypergeometric function. For a general expansion history, one needs to perform the
integral numerically.
The closed FLRW spacetime with k = +1 can be used to describe a collapsing object. Indeed, the Oppenheimer-
Snyder collapse [62] and its generalization to the case with a cosmological constant [63] are known as the standard
approach to describe the spherical collapse, and they consist of the closed FLRW spacetime for the interior of a dust
sphere and the Schwarzschild(-de Sitter) spacetime for the exterior region. Given that both the metrics are a solution
of a given scalar-tensor theory, such collapsing solutions are also allowed with the scalar field profile obtained above
for each region.
IV. CONCLUSIONS
In this paper, we have explored exact solutions of the same form as in GR in general quadratic higher-order
scalar-tensor theories. Adopting the ansatz of constant kinetic term, we have derived a set of conditions in a fully
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covariant manner, under which the EL equations allow GR solutions as exact solutions in the presence of a general
matter component, generalizing the covariant analysis in [4] with the ansatz of constant scalar field. Adopting an
appropriate ansatz, the scalar field profile can be obtained by integrating the condition of constant kinetic term for
each metric solution. We have demonstrated the construction of the scalar field profile for several cases including the
Kerr-Newman-de Sitter spacetime, i.e., black hole solutions characterized by mass, charge, and angular momentum
in the presence of a cosmological constant. For the marginal values of the parameters, one should choose the branch
of the radial part of φ appropriately, or otherwise the scalar field is not smooth at some finite r or θ. Also, a careful
analysis is needed when one starts from some general setup and then restricts oneself to a limited case with a stronger
ansatz for the metric or scalar field, since the metric ansatz may in general constrain the scalar field profile, and vice
versa. Furthermore, we showed that asymptotically anti-de Sitter spacetimes cannot support nontrivial scalar hair.
Our condition for the existence of GR solutions also applies to more general solutions such as the Pleban´ski-Demian´ski
solution [64]. Furthermore, it applies to not only black hole solutions but also any solution in GR in the presence of
a matter component.
The stability of the exact solutions obtained in the present paper would be one of the most important issues that
need to be clarified. In general, even though the background spacetime is that of GR solutions, perturbations can
behave differently. It would thus be intriguing to investigate the evolution of perturbations around the exact solutions
and clarify how the difference can show up. For some class of stealth solutions, the scalar field perturbation is strongly
coupled [48, 51], but for the case with a timelike scalar field derivative, the problem of strong coupling can be avoided
by the scordatura mechanism [50], which may also cause a distinctive signature. Also, the strong coupling issue would
be absent in theories where the scalar degree of freedom does not propagate [65–70]. Another thing of interest is to
exploit the exact solutions as a seed to generate a new solution using the conformal/disformal transformation [71] or
the Kerr-Schild transformation [72]. For instance, one can generate a deformed Kerr solution and see how the physics
changes [73]. Our approach can also be extended to theories involving higher-order interactions of second derivatives
or even higher derivatives of φ. We leave these issues as a future work.
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Appendix: Existence Conditions for General Relativity solutions in arbitrary dimensions
In §II, we derived the set of conditions (2.6) for quadratic higher-derivative scalar-tensor theories described by
the action (2.1) to accommodate GR solutions in four spacetime dimensions. Interestingly, one can generalize the
discussion to arbitrary D dimensions, with D ≥ 3. Indeed, with the ansatz X = X0 = const, one obtains the same
EL equation for the metric as (2.5), and the only modification arises from the following equations:
Rµν = 8πG
(
Tµν − 1
D − 2Tgµν
)
+
2
D − 2Λgµν , R = −
2
D − 2 (8πGT −DΛ) , (A.1)
which originate from the Einstein equation in GR, Gµν = 8πGTµν − Λgµν , with G being the gravitational constant
in D dimensions. Then, the existence conditions for GR solutions in D dimensions are obtained as follows:
F0 + 2ΛF2 −X0(F1φ + 2F2φφ) = 0, 2F1X + 4A1φ −X0A3φ = 0, F2φ −X0A1φ = 0,
A1 = 0, A2 = 0, A1φ +A2φ = 0, A1X +A2X = 0, A3 + 2A1X = 0, (16πGF2 − 1)Tµν = 0,
F0X − F1φ − F2φφ + 2Λ
D − 2 (DF2X −X0A1X) = 8πG
[
2
D − 2F2XT +A1X
(
φαφβTαβ − 1
D − 2TX0
)]
,
(A.2)
where the coupling functions and their derivatives should be evaluated at X = X0. One can check that this set of
conditions reduces to (2.6) when D = 4. It is also straightforward to generalize the conditions (2.16) for the constant
scalar profile φ = φ0 to D dimensions, which are summarized as
F0 + 2ΛF2 = 0, F0φ +
2DΛ
D − 2F2φ = 0, (16πGF2 − 1)Tµν = 0, F2φT = 0, (A.3)
where the coupling functions are evaluated at (φ,X) = (φ0, 0).
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Note in passing that the case of D = 2 should be treated separately as the Einstein-Hilbert action becomes a total
derivative, and one needs to consider an alternative theory. If one chooses a two-dimensional action and EL equations
analogous to GR, one can derive conditions in parallel to (A.2) or (A.3) under which the higher-order scalar-tensor
theories allow exact solutions of the same form as those in the two-dimensional theory. For general black hole solutions
with X = const in general two-dimensional scalar-tensor theories, see [74].
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